The Coulomb collision effects on a saturated electrostatic potential ͑plug potential͒ formation in the end-mirror cell of a tandem mirror were investigated by a Monte Carlo simulation of ion orbits. A non-Maxwellian electron distribution function, which leads to a modified Boltzmann law, is assumed to obtain the electrostatic potential. An ion velocity distribution is determined by the Monte Carlo simulation of ions. It was found that a saturated electrostatic potential is formed in a wide range of the Coulomb collisionality. Especially, fewer Coulomb collisions were found to create a higher saturated electrostatic potential along a magnetic field, although the Coulomb collisions are necessary for a saturated electrostatic potential formation.
I. INTRODUCTION
In the area of nuclear fusion, it has been proposed that the electrostatic potential is created along a magnetic field line positively to improve the confinement of plasmas along magnetic field lines in an open-ended magnetic confinement device, [1] [2] [3] [4] [5] which is called a ''tandem mirror.'' The subsequent experimental efforts at demonstrating the electrostatic potential formation along a magnetic field line have revealed that the electrostatic potential in the end-mirror cells in a tandem mirror is created by a different mechanism from the theoretical concept. 6, 7 That is, a high energy, magnetically trapped ion population is not necessary for electrostatic potential formation along a magnetic field line, and the electrons do not obey the traditional Boltzmann law in the entire region of the end-mirror cells of a tandem mirror. Recently, a basic experiment has been carried out to demonstrate the electrostatic potential formation in a magnetic mirror when electron cyclotron resonance heating ͑ECRH͒ is applied to heat electrons in a magnetic mirror, 8 where the experimental condition is similar to the present tandem mirror except that the ratio of Debye length to the system size is very different from each other. An electrostatic particle simulation was performed with the same condition as the above basic experiment and illustrated electrostatic potential formation in a mirror cell. 9 The essential mechanism of electrostatic potential formation is that the charge separation of ions and electrons occurs due to the suppression of electron motion along a magnetic field line by ECRH.
On the other hand, we have carried out a Monte Carlo simulation [10] [11] [12] by taking into account Coulomb collisions and have shown that the electrostatic potential can be formed along a magnetic field line in the mirror cell, 13, 14 where the condition used in the Monte Carlo simulation is similar to that of a tandem mirror experiment. The major differences of our work 13, 14 from the previous work 8, 9 is that, first, the effects of Coulomb collisions are included in the dynamics of ions along a magnetic field line and, second, the charge neutrality condition is used to obtain the electrostatic potential, so that the electrons do not obey the traditional Boltzmann law in our electrostatic potential mechanism. Therefore, the field aligned electrostatic potential formation 13, 14 corresponds to a presheath potential formation mechanism, 15 while the electrostatic potential formation 8, 9 is a sheath potential formation.
The Coulomb collisions are plausible candidates for a saturated electrostatic potential formation along a magnetic field line in a mirror cell because the plasma production required to maintain the charge neutral condition for a saturated electrostatic potential formation ͑a plug potential formation͒ is larger than the amount of present tandem mirror experiments. 16 A saturated electrostatic potential formation has been demonstrated by a Monte Carlo simulation in Ref.
14, where the ratio of Coulomb collision time to ion transit time with thermal speed from z b to z m was fixed. The purpose of this article, therefore, is to make clear the dependence of a magnitude of Coulomb collisions required for the saturated electrostatic potential formation on the resultant maximum of electrostatic potential ͑plug potential͒.
II. MODIFIED BOLTZMANN LAW
Henceforth we consider a neutral plasma. Due to the smaller mass of electrons than that of ions, electrons are assumed to satisfy the pressure balance along a magnetic field line, i.e., inertia terms are neglected in the equation of motion. If the electrons have an isotropic pressure with constant temperature T e , the electron density n e obeys the traditional Boltzmann law, that is, e((z)Ϫ(0)) ϭT e ln͕n e (z)/n e (0)͖, where e is unit charge and (z) is the magnitude of electrostatic potential at the axial coordinate z. The electron distribution function usually deviates from Maxwellian greatly when electrons are heated by strong ECRH. 17 In the end-mirror cell ͑plug/thermal barrier region͒ of a tandem mirror, electrons are heated by a strong ECRH to create magnetically trapped high energy electrons. The nonMaxwellian electrons no longer obey the traditional Boltzmann law. To see this we assume the electron distribution function in the region z b рzрz m , shown in Fig. 1 In the definition of the electron distribution function ͑1͒ the electrons, which are Maxwellian at zϭz i , flow into the mirror cell (z i рzрz m ) and the electrons trapped in the mirror cell are heated by ECRH to be non-Maxwellian. Here the electrons are assumed to be supplied continuously at zϭz i with a Maxwellian distribution function.
The electron density n e (z) (z b рzрz m ) is obtained by integrating Eq. ͑1͒ in the appropriate velocity space as
ͮͪ .
͑2͒
Here e * ϵe((z)Ϫ i )/(B(z)ϪB i ) and e **
With the assumptions of e(Ϫ b )/T ec ӷ1 and e ** B i /T ec ӷ1, the integration in Eq. ͑2͒ is carried out to be
͑3͒
Here n eb ϵn e (z b ).
The distribution function of electrons trapped in the mirror cell in Eq. ͑1͒ is written as
This electron distribution function f e is bi-Maxwellian with two component temperatures T eʈ , T eЌ parallel and perpendicular to the magnetic field line at zϭz b . Here T eʈ ϭ(1 Ϫ␣ e )T ec and
͑4͒
by using T eʈ and T eЌ . Equation ͑4͒ is the modified Boltzmann law, which gives the relation of the electrostatic potential (z) to the electron density n e (z). If the ion density is determined by solving the kinetic equation, the electrostatic potential is obtained by Eq. ͑4͒ and the charge neutrality condition n e (z)ϭn i (z).
III. RESULTS OF MONTE CARLO SIMULATION
Ions have a larger inertia term than electrons in their kinetic equation so that ion kinetic effects should be taken into account for the electrostatic potential formation. It is known that the plasma presheath formation requires some mobility limited motion for ions 15 or plasma production 18 in order to maintain the charge neutrality condition. The saturated electrostatic potential formation in a mirror cell with non-Maxwellian electrons also requires such plasma production 16, 19 or the effects of Coulomb collisions suppressing the motion for ions. 14 In order to take into account the Coulomb collisions on ions, we carry out a Monte Carlo simulation ͑the details of the code were described in Refs. 10 
where ⌫ ␣ ϵ(4n ␣ e 4 /m i 2 )ln ⌳ ␣i , a ␣ ϵm ␣ /2T ␣ , and erf() is the error function. The test ions with velocity U at time t have an average velocity UϪ⌬U after a time interval ␦t, where ⌬Uϭ␦t(‫ץ‬U/‫ץ‬t). The probability of the ion having a velocity UϪ⌬Uϩv para ϩv perp at time tϩ␦t is given in terms of the probabilities We are interested in the electrostatic potential along a magnetic field line, so that ion orbits are calculated only along a magnetic field line, i.e.,
where the z-coordinate is the axial coordinate, and magnetic field lines near the axis in a mirror device can be considered to be parallel to the axial coordinate within a long thin approximation ͑i.e., with the assumption of radial scale length Ӷ axial scale length͒. Therefore, the coordinate along a magnetic field line coincides with the z-axis. The quantities and are the ion total energy and magnetic moment, respectively. Figure 1 illustrates the axial profile of a magnetic field under consideration and an expected steady state electrostatic potential profile. The ions are continuously supplied at z i with a Maxwellian distribution function of temperature T i , the orbit of passing ions are illustrated by a symbol ቢ. The passing ions change to shallow trapped ions due to Coulomb collisions with field ions and electrons, and the shallow trapped ions denoted by a symbol ባ can pass through the electrostatic potential maximum ͑called plug͒ at z p in Fig. 1 . Further Coulomb collisions make a shallow trapped ion into a deeply trapped ion, denoted by symbols ቤ and ብ in Fig.  1 , and the deeply trapped ions cannot pass through the plug due to their low kinetic energy parallel to the magnetic field line. The deeply trapped ions accumulate in the mirror cell and, finally, the ions there become Maxwellian with the same temperature T i as that of the passing ions at z i .
In order to take into account the effect of nonMaxwellian ions in the steady state, we include a radial loss to test ions artificially, as follows. That is, an ion loss time loss is introduced. The uniform random number k ͑a number from 0 to 1͒ is introduced for the kth test ion. The number k is compared with the magnitude of exp͕Ϫt k / loss ͖, where the time t k is measured from the time when the kth test ion was input at z i in Fig. 1 . If k Ͼexp͕Ϫt k / loss ͖, the kth test ion is lost from the mirror cell. Because we are looking for the steady state of electrostatic potential, the ions which were lost are input at z i immediately. Here the velocity components v ʈ and v Ќ of ion at z i are given to be Maxwellian with temperature T i in the passing region in the velocity space by means of a random number.
On the assumption of the charge neutrality condition, the electron density is the same as the ion density, i.e., n e (z) ϭn i (z). The electrostatic potential (z) is determined by the modified Boltzmann law given by Eq. ͑4͒. In the simulation, the electrostatic potential is given in advance, i.e., (z)ϭ0. The test ions are distributed uniformly along the axis ͑i.e., along the magnetic field line axis͒ initially. Here the mean temperature of initial test ions is T i at each axial position, and each velocity component of test ions is given by random numbers. The motion of ions is followed in the given electrostatic potential and the density is calculated by each ion position. 14 The calculation of ion motions continues until the steady state of ion density is realized.
The new electrostatic potential is calculated by the modified Boltzmann law Eq. ͑4͒, with the ion density in the steady state in the old electrostatic potential profile. The ion motion is traced again in the new electrostatic potential profile and the ion density is accumulated after initialization until the steady state of ion density is realized. The above procedure is repeated until the steady state of both ion density and electrostatic potential profiles are realized.
The parameters used in the simulation are as follows. The magnetic field profile from zϭz b to zϭz m is adopted in the end mirror cell in the GAMMA10 tandem mirror, 6 where the axial length L z from the thermal barrier zϭz b to the outer mirror throat zϭz m is L z ϭ120 cm. The temperatures T field of the field ions and electrons, with which the test ions receive the Coulomb collision, are 100 eV. The number density n field , where the density of field ions is the same as that of field electrons, is n field ϭ10 11 cm Ϫ3 , which is uniform along z. The algorithm of ion supply to the end-mirror cell adopted in the Monte Carlo simulation is consistent with the present tandem mirror experiment, where the ions in the endmirror cell are supplied from the central cell and escape through the outer mirror throat or escape radially.
The electrostatic potential is set i ϭ0 at zϭz i . The potential b at zϭz b is given in advance as a boundary condition of the electrostatic potential and is not changed through the simulation run. The potential profile (z), therefore, is determined on the basis of its magnitude at zϭz b . Figure 2 shows the steady state axial profiles of electrostatic potential and ion density obtained by the Monte Carlo simulations. Clearly, a maximum point ͑plug point͒ in the continuous saturated electrostatic potential profile is observed in Figs. 2͑a͒, 2͑b͒, and 2͑c͒. As pointed out in previous work, 19 the electrostatic potential can be discontinuous at the maximum point of the electrostatic potential without any dissipation, because the situation at the electrostatic potential maximum is the same as that at a sheath potential region. 14, 15, 19 An effect of Coulomb collision in the Monte Carlo simulation prevents a sheath potential from forming at the maximum of an saturated axial electrostatic potential profile. Figure 2͑a͒ is the case of transit Ӷ loss Ӷ D , where ions trapped in a magnetic mirror cell are lost faster than those are supplied by collisional filling from passing ions. The result that the density around zϭ0 m is lower than the density around zϭ0.1 m in Fig. 2͑a͒ comes from the reason why the ion collisional filling from passing region is slower than the loss from trapped region.
On the other hand, Fig. 2͑c͒ is the case of D Շ transit Ӷ loss , where ions lost from the magnetic mirror cell are supplied immediately by a collisional filling of passing ions. Therefore, the ion density is maximum at zϭ0 m in Fig.  2͑c͒ .
Although the ion density axial profiles change greatly according to the parameters of D / transit and loss / transit , the electrostatic potential axial profiles do not change as much, except for their magnitudes, in Figs. 2͑a͒, 2͑b͒, and 2͑c͒. The passing ions have an average kinetic energy of T i ϩe b . The electrostatic potential is formed along a magnetic field line to retard the axial motion of ions, which overcome the electrons' electric force to maintain a charge neutrality condition in whole region of a magnetic mirror cell. In the ion loss dominant regime over Coulomb collision, the majority of ions existing in the mirror cell is the passing ions accelerated by the electrostatic potential from z i to z b . It is seen in Figs. 3͑a͒, 3͑b͒ , and 3͑c͒ that the magnitudes of e p /T i with different loss / transit converge on the same value even in the region of D / transit ӷ1, where the effects of Coulomb collisions can be neglected. This physical meaning is as follows. Coulomb collisions make the ion density n i (z) smooth around the potential maximum, i.e., ͉d(z)/dz͉Ͻϱ at zϭz p , 14 in the case of which the magnitude of plug potential is determined by the charge neutrality condition of ions and electrons there. In the weak limit of collisions the ion density at zϭz p is given by
14͔, where n ei ϵn e (z i ) and charge neutrality condition n i (z i )ϭn e (z i ) was used. On the other hand, the electron density n e (z p ) is given by
in the weak limit of collisions, where Eq. ͑8͒ was obtained by the charge neutrality condition n i (z p )ϭn e (z p ) given above.
As mentioned previously in this article, the electrostatic potential from z b to z m is created by the ion kinetic energy. Therefore, the magnitude of e( p Ϫ b )/T i increases with the electrostatic potential difference e( i Ϫ b )/T i being larger in the region of D / transit տ10 2 of Figs. 3͑a͒, 3͑b͒, and 3͑c͒.
IV. SUMMARY AND DISCUSSION
In the Monte Carlo calculation the field ions and electrons are assumed to be Maxwellian distributions with temperature T field ϭ100 eV. The axial densities of field ions and electrons are assumed to be uniform along the axis, i.e., n field ϭconst. In order to obtain the simulation results with different parameters of D / transit , the density n field of field particles was changed. That is, the field temperature T field and test ion temperature T i input at zϭz i were not changed throughout this article. The test ions input at z i move along the axis and receive Coulomb collisions with field particles and/or radial loss through the Monte Carlo method, which lead to the non-Maxwellian test ions in the mirror cell with different temperature form T i and nonuniform axial density profile as seen in Fig. 2 . The electron distribution function in Eq. ͑1͒, was used to obtain the modified Boltzmann relation Eqs. ͑3͒ and ͑4͒ in the non-Maxwellian. Therefore, strictly speaking, the assumption that the field ions and electrons giving the Coulomb collisions with test ions are Maxwellian is not consistent. However, in the very collisional regime D / transit Շ1, the distribution function of test ions is almost Maxwellian. On the other hand, in the collisionless regime D / transit տ10 2 there is no population of test ions in the loss cone of v ʈ Ͻ0. Therefore, the results of the Monte Carlo simulation in this article cover the various collisional regimes of the ion distribution function, i.e., from loss cone distribution function to Maxwellian distribution function. There is a potential maximum in the limit of weak collisions in Fig. 3 , that is, the plug potential is highest in the limit of weak Coulomb collisions. The densities of ions and electrons in the central cell are desired to be high for a future nuclear fusion and the densities in the plug/barrier endmirror cells are required to be low for the high plug potential formation in a tandem mirror. The present tandem mirror experiments are operated under the balance between high plasma density in the central cell and low plasma density in the plug/barrier mirror cells.
In summary, we have shown that the saturated electrostatic potential is easily generated along a magnetic field line when the electron distribution deviates from Maxwellian and ions are accelerated in advance at z b in Fig. 1 . The Coulomb collisions are required for the formation of a saturated electrostatic potential, that is, are required in order that a maximum point of the electrostatic potential exists in the region z b ϽzϽz m in Fig. 1 . 19 The results of this article have made clear that a saturated electrostatic potential can be created in a wide range of Coulomb collision frequencies. It is found that fewer Coulomb collisions make for a higher saturated electrostatic potential.
